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Abstract:
We first briefly discuss the relation between black hole thermodynamics and the entropy
function formalism. We find that an equation which governs the relationship between
Sen’s entropy function and black hole entropy, can quickly give higher order corrections to
entropy of pure (anti-) de Sitter space without knowing the corrected metric. We also show
that near horizon geometry and the entropy function extremization is no longer required
for pure (anti-)de Sitter space. The entropy of (anti-)de Sitter space and Schwarzschild-
(anti-) de Sitter black holes together with Gauss-Bonnet terms, R2 terms and R4 terms
are calculated as concrete examples.
∗Fu-Wen Shu and Xian-Hui Ge contribute to this paper equivalently.
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1. Introduction
Recently, Sen in Ref.[1] introduced the entropy function method to calculate the entropy
of extremal black holes with near horizon geometry AdS2×Sn−2 by defining the entropy of
the extremal black hole to be the extremal limit of the entropy of a non-extremal black hole
so that one can use the Wald’s formula for entropy given in [2, 3]. The entropy function
method is an useful approach for computing the entropy from the Wald formula and it
has been generalized to many solutions in supergravity theory no matter extremal or non-
extremal solutions[4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29]. Actually, the entropy formula of Wald is based on the first law of black hole
mechanics and it might not work for extremal black holes because of the vanishing surface
gravity and vanishing bifurcation surface. On the other hand, the entropy function method
works for extremal black holes with near horizon geometry AdS2 × Sn−2, and it might be
difficult to apply this method to non-extremal black holes or more general conditions.
This is because there is a strong hypothesis for the entropy function method [30]: in any
general covariant theory of gravity coupled to matter fields, the near horizon geometry of
a spherically symmetric extremal black hole in n dimensions has SO(2, 1) × SO(D − 1)
isometry. Apparently, the near horizon geometry of a non-extremal black hole might not
satisfy the above argument.
The purpose of this paper is to compute the entropy in (anti-)de Sitter (dS) space with
higher derivative gravity terms. Basing on the method developed by Cai and Cao [29], in
this paper, we will show that a simple integration formula can quickly give the entropy of
neutral black holes in dS and AdS spacetime, including the higher derivative corrections
to the entropy. Black holes in dS and AdS sapcetimes are extremely important in many
aspects[31]. They have special interest from the holographic point of view due to the well
known AdS/CFT correspondence (dS/CFT correspondence)[32, 33]. The Hawking-Page
transition for Schwarzschild-AdS (SAdS) black holes plays an important role in AdS/CFT
correspondence where it was interpreted by Witten [32] as the confinement-deconfinement
transition in dual gauge theory. In this sense, Schwarzschild-AdS is the important tool to
describe thermodynamics of CFT and give crucial support of AdS/CFT correspondence.
Before going to concrete computation, we first summarize the differences between the
method developed by Sen and the method to be used in this work. In general, the Sen’s
entropy function method is composed of the following three arguments[1]:
1). For an extremal charged black hole with near horizon geometry AdS2×Sn−2. The part
of AdS2 metric is deformed into v1(−r2dt2+dr2/r2), while the Sn−2 part of the metric has
the form v2dΩ
2
n−2. v1 and v2 are regarded as constant value here. The deformed metric
is assumed as a solution of the equation of motion for a special action, where gravity is
coupled to a set of electric and magnetic fields and neutral scalar fields us.
2). Define an entropy function over the horizon Sn−2, which is a function of vi and us, and
the electric and magnetic field (ei, pi).
3).One can find that for given ei, pi, the values us of the scalar fields as well as the sizes v1
and v2 of AdS2 and S
n−2 are determined by extremizing the entropy function with respect
to the variables us, v1 and v2. The entropy function at its extremum point is proportional
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to the entropy of black holes.
In the following, we can see that for dS and AdS spacetimes:
i). Extremizing the entropy function is not required. And also, we need not deform the
metric into the near horizon geometry AdS2 × Sn−2. The configurations of spacetime can
be used directly without any change in calculating the entropy. The near horizon limit is
also unnecessary in obtaining dS entropies including higher derivative gravity terms.
ii). We do not need to assume the radii of dS and AdS space as some constants, such as
v1 and v2. (One may simply assume these parameters as 1. Actually v1 and v2 are quite
trivial in calculating extremal stringy black hole entropy, because in the end their values
are always 1, for example, see [16, 28])
iii). Especially for pure dS and AdS space, one can still obtain the modified entropy formula
without knowing the solutions of higher derivative gravity.
The organization of this paper is as follows. In next section we give a brief review
of previous work on Noetherian entropy and entropy function. Some useful formulae are
derived from black hole thermodynamics. Section 3 discusses the entropy of pure dS space
using our new method. DS entropy with Gauss-Bonnet correction is calculated in Section
4, where we compare our result with the entropy obtained by Wald’s formula. In section
5 we deal with the dS entropy in R2 gravity theory. The entropy of black holes in AdS is
investigated in Section 6. The R4 correction to the entropy is included in this section. The
last section contains our main conclusions and discussions.
2. Brief review of Noetherian entropy and entropy function
In this section, we will briefly review some important results made in the previous work[1,
2, 29], following the framework of Lagrangian field theories developed by Wald and viewing
the Lagrangian as an n-form L(ψ), where ψ = {gab, Rabcd,Φs, F Iab} denotes the dynami-
cal fields considered in this paper, including the spacetime metric gab, the corresponding
Riemann tensor Rabcd, the scalar fields {Φs, s = 0, 1, · · · }, and the U(1) gauge fields
F Iab = ∂aA
I
b − ∂bAIa with the corresponding potentials {AIa, I = 1, · · · }. Under this defini-
tion, the variation of L is
δL = Eψδψ + dΘ, (2.1)
where Θ is an (n − 1)-form, which is called symplectic potential form, Eψ corresponds to
the equations of motion for the metric and other fields. Let ξ be any smooth vector field
on the space-time manifold, then one can define a Noether current form as
J[ξ] = Θ(ψ,Lξψ)− ξ · L. (2.2)
The fact that dJ[ξ] = 0 will be preserved when the equations of motion are satisfied shows
that a locally constructed (n− 2)-form Q[ξ] can be introduced and an “on shell” formula
can be obtained
J[ξ] = dQ[ξ] . (2.3)
Wald’s analysis based on the first law of black hole thermodynamics showed that for general
stationary black holes, the black hole entropy is a kind of Noether charge at horizon [2]
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and can be expressed as
SBH = 2π
∫
H
Q[ξ] , (2.4)
where ξ represents the Killing field on the horizon, and H is the bifurcation surface of the
horizon. It should be noted that the Killing vector field has been normalized to have unit
surface gravity.
In fact, we can even go further, the definition of the Noether charge Q[ξ] can be
extended in an arbitrary manner to ψ which do not satisfy the equations of motion. By
contrast, we call this the so-called “off shell” form of the Noether charge, which is defined
by the relation [34]
J[ξ] = dQ[ξ] + ξaCa , (2.5)
where Ca is locally constructed out of the dynamical fields in a covariant manner and
Ca = 0 reduces to the previous definition (2.3) “on shell”. Noether charge defined in (2.5)
can be written as
Q = QF +Qg + · · · (2.6)
with
QFa1···an−2 =
∂L
∂F Iab
ξcAIcǫaba1···an−2 , (2.7)
Qga1···an−2 = −
∂L
∂Rabcd
∇[cξd]ǫaba1···an−2 . (2.8)
The “ · · · ” terms are not important for our following discussion, so we brutally drop them
at first. The relevant discussion can be found in a recent paper [29].
On the other hand, A. Sen observed that the entropy of a kind of extremal black holes
which have the near horizon geometry AdS2 × Sn−2 can be obtained by extremizing the
so-called “entropy function” f with respect to the moduli on the horizon[1]
SBH = 2πf = 2π (eiqi − f(~u,~v,~e, ~p)) . (2.9)
where f is defined by
f(~u,~v,~e, ~p) =
∫
dx2 · · · dxn−1
√
−detgL. (2.10)
Here
√−detgL is the Lagrangian density, expressed as a function of the metric gµν , the
scalar fields φs, the gauge field strength F
(i)
µν and covariant derivatives of these fields.
It was shown in [1] that if we denote by Lλ a deformation of L in which we rescale all
factors of Riemann tensor Rαβγδ by λRαβγδ and define on the near horizon geometry
fλ =
√
−det gLλ, (2.11)
the following relation may be found
∂fλ
∂λ
∣∣∣∣
λ=1
=
∫
H
√
−det gRαβγδ ∂L
∂Rαβγδ
dx1 · · · dxn−2 = f − ei ∂f
∂ei
, (2.12)
where α, β, γ, δ are summed over the coordinates r and t.
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Now following our previous work on black hole thermodynamics and entropy function
[35] we give an alternative way to calculate the black hole entropy. We consider an n–
dimensional spherically symmetric black hole with the metric in the form of
ds2 = −a2(r)dt2 + dr
2
a2(r)
+ b2(r)dΩ2n−2, (2.13)
where a and b are functions of r, and dΩ2n−2 is the line element for S
n−2. Since Θ = 0 if ξ
is a Killing vector, we find by integrating over a Cauchy surface C on Eq.(2.3)∫
C
J = −
∫
C
ξ · L =
∫
C
dQ[ξ] =
∫
∞
Q−
∫
H
Q (2.14)
where H denotes the interior boundary, and we have used the Stokes theorem. For an
asymptotically flat, static spherically symmetric black hole, one can simply choose ξ =
∂t =
∂
∂t , then the free energy of the system is shown to be [35]
F = E −
∫
H
Q[ξa], (2.15)
where F = TIE with T and IE the temperature and Euclidean action respectively. E in
above formula is the “canonical energy ”, which is defined by[2],
E =
∫
∞
(Q[t]− t ·B), (2.16)
where B is an (n− 1)-form given by
δ
∫
∞
t ·B =
∫
∞
t ·Θ.
The variation of Eq.(2.15) leads to
δF = δE − δ
∫
H
Q[ξa] (2.17)
Now by noting that the Noetherian charge can be decomposed into two parts as shown in
(2.6), we consider a stretched region near the horizon ranged from rH to rH + δr,
δ
∫
H
Q[ξ] =
∫ rH+δr
rH
(
QF[ξ] +Qg[ξ]
)
(2.18)
The Killing equation gives ∇[aξb] = 2κǫab (where κ is the surface gravity of the hole), and
the two parts are found to be[36]
∫ rH+δr
rH
Qg[∂t] = δr
[
κ′E + κE′
]
rH
+O(δr2) , (2.19)
∫ rH+δr
rH
QF [∂t] = qIeIδr + eIq
′
Iδr +O(δr2). (2.20)
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where E(r) is defined as
E(r) ≡ −
∫
H
∂L
∂Rabcd
ǫabǫcddx
1 · · · dxn−2 . (2.21)
The above formula is exactly theWald formula for entropy without the factor 2π [2].Therefore,
we find E(r) is related to the entropy by 2πE(rH) = S. eI and the U(1) electrical-like
charges in Eq. (2.20) are defined to be
eI ≡ F Irt(rH), (2.22)
qI ≡
∫
r
1
(n− 2)!
∂L
∂F Iab
ǫaba1···an−2dx
a1 ∧ · · · ∧ dxan−2
=
∂
∂eI
∫
rH
L
2(n− 2)!ǫ
ab
ǫaba1···an−2dx
a1 ∧ · · · ∧ dxan−2 = ∂f(rH)
∂eI
, (2.23)
where we have written F Iab(rH) as eIǫab. If the near horizon extension rH → rH + δr is
also done for the free energy, we find that
δF = −
∫ rH+δr
rH
fdr = −f(rH)δr +O(δr2) (2.24)
Substituting Eqs. (2.19), (2.20) and (2.24) into Eq. (2.17), we obtain
fδr = −SδT, (2.25)
where f = (−f(rH) + qIeI) is the entropy function for extremal black hole as shown in
(2.9), and we have used the relation δE = TδS − eIq′Iδr1. In the limit δr → 0, we obtain
an equation which governs the entropy function for non-extremal black holes
ST ′ = −f , (2.26)
where prime denotes derivative with respect to r.
What we discussed above is the asymptotically flat case. The non-asymptotically flat
case, such as asymptotically dS or AdS cases, however, is proved to be a little different
from the one discussed above due to the definition of the Hamiltonian. By showing the
difference we will start with looking at the Noetherian definition of mass in AdS spacetime.
The definition of Hamiltonian is shown to be [37]
δH =
∫
Rˆ
(δQ[ξ]− ξ ·B)−
∫
Rˆ
δ(QAdS [ξ˜]− ξ˜ ·BAdS), (2.27)
where Rˆ is a cutoff at an outer boundary. This is unlike the flat case where the integration
occurs at infinity. The second term in (2.27) corresponds to a constant by which we preserve
the fact that the energy is zero in pure AdS. Notice that ξa is fixed during the variation,
1More general form of the first law of black hole thermodynamics is δE = TδS + ΦIδQI , where ΦI ≡
−ξaAIa |H is the electrostatic potential and QI ≡
R
r
1
(n−2)!
∂L
∂F I
ab
ǫaba1···an−2dx
a1 ∧· · ·∧dxan−2 is charge. It is
not difficult to find that in our case, ΦI = −eI and QI = qI . The standard first law hence can be recovered
by using these relations.
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the spacetime and AdS background should have the same boundary geometry at r = Rˆ,
which leads to |ξ˜|2 = |ξ|2 on the boundary. In the end, taking into account the linear
relation between Q[ξ] and ξ one obtains the mass of the system [37]
E =
∫
Rˆ
(Q[t]− t ·B)−
[(
gtt
gAdStt
)1/2]
r=Rˆ
∫
Rˆ
(QAdS [t]− t ·BAdS), (2.28)
where we have taken ξ to be the time translation Killing vector since we only consider the
static case.
We know that ξ vanishes on the bifurcate horizon henceΘ = 0 and the Noether current
simplifies to J = dQ = −ξ · L. Integrating it over a Cauchy surface C with the interior
boundary H as the event horizon of the black hole, and the outer boundary at r = Rˆ, we
get
∫
H
Q[t] = E +
∫
C
ξt ·L(gBH ) +
∫
R
t ·B+
[{
gBHtt
gAdStt
}1/2]
r=Rˆ
∫
Rˆ
(QAdS [t]− t ·BAdS). (2.29)
On the other hand, one integrates over another Cauchy surface CAdS to get∫
Rˆ
QAdS[t] = −
∫
CAdS
ξt · L(gAdS). (2.30)
Following the procedures made in last section, we variate above formula, and note
δ
∫
H
Q[t] =
∫
rH+δr
Q[t]−
∫
rH
Q[t] = [(TS)′ + eIqI + eIq
′
I ]δr, (2.31)
and
δ
∫
C
(ξt · L+ t ·B) = −δF =
∫ rH+δr
rH
fdr = f(rH)δr, (2.32)
in the end we obtain our final result
E ′ + eIq′I − (TS)′ = fBH −
[(
gBHtt
gAdStt
)1/2]
r=Rˆ
fAdS , (2.33)
where fBH = eIqI − fBH and fAdS = −fAdS denote the entropy functions of black hole and
AdS respectively. To obtain the correct entropy we should integrate the right-hand side of
Eq. (2.33) with appropriate integration region. A reasonable integration region is shown
to be[37]
F =
∫ Rˆ
rH
fBH −
[(
gBHtt
gAdStt
)1/2]
r=Rˆ
∫ R
0
fAdS , (2.34)
where F = E−TS+eIq′I is the free energy of the system. The entropy thus can be obtained
by
S = −∂F
∂T
.
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In particular, the corresponding expression for pure dS (or AdS) is
TS =
∫ rH
0
fdSdr, (2.35)
where rH is the event horizon of dS space. We can show the entropy of dS space in any
R2 gravity theories can be computed by2
S = S0 + γS1 =
1
T0
∫ r(0)H
0
(
f0 + γf
(0)
1
)
dr, (2.36)
where superscript “(0)” denotes the variables computed by using the unperturbative metric,
and f0 and f1 (including f
(0)
1 and f
(1)
1 , see Appendix A for detail) represent entropy function
with and without higher derivative corrections respectively. Both f0 and T0 are calculated
by using the unperturbative metric. γ is a small quanta showing the coupling strength.
This implies one can obtain the entropy of dS spacetime in any R2 gravity theories without
knowing the corrected metric. In our present paper, we will confirm this argument by
taking several examples.
3. Entropy of D-dimensional de Sitter spacetime
In this section, we will give a simple example to demonstrate how our method works for
non-supergavity spacetime. We may calculate entropy of pure dS spacetime by using the
method discussed in the last section.
From the traditional point of view, the “entropy function” method may break down
when we apply it to calculating the entropy of dS spacetime due to its non-extremality.
Our analysis in the last section indicates we may end this embarrassed situation of this kind
of space by extending the entropy function to the case including non-extremal spacetime.
The main idea is to relate the entropy function with the black hole thermodynamics with
the help of the entropy definition of Wald, whose definition is valid for any non-extremal
black holes. By doing so, we obtained a formula by which one can compute the dS entropy,
i.e.,
TS =
∫ l
0
fdSdr, (3.1)
where l denotes the cosmological radius. The Einstein-Hilbert action with a positive cos-
mological constant is given by
I =
1
16πGD
∫
dDx
√
−det g(R − 2Λ), (3.2)
where R is the Ricci scalar of the spacetime manifold, Λ = (D − 1)(D − 2)/2l2 is the
cosmological constant, and GD is the D-dimensional Newton constant. The corresponding
static metric is given by
ds2 = −
(
1− r
2
l2
)
dt2 +
(
1− r
2
l2
)−1
dr2 + r2dΩ2D−2. (3.3)
2The details can be found in Appendix A.
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Recalling the definition of f in (2.10), we obtain
fdS = −(D − 1)π
D−3
2 rD−2
4GDΓ(
D−1
2 )l
2
. (3.4)
The temperature for D-dimensional dS spacetime is
T = − 1
2πl
, (3.5)
Direct calculation of Eq. (3.1) gives the entropy of dS spacetime
SdS =
A
4GD
=
lD−2AD−2
4GD
, (3.6)
where AD−2 = 2π
(D−1)/2/Γ((D− 1)/2) is the area of the (D− 2) dimensional unit sphere.
(3.6) is exactly the Bekenstein-Hawking entropy of dS spacetime. This indicates that our
method discussed in Sec. 2 works well for dS space.
4. Entropy with Gauss-Bonnet term in de Sitter space
In this section, we wish to confirm our argument made in Sec.2, i.e., one can obtain the
entropy of dS spacetime in any R2 gravity theories without knowing the corrected metric.
In particular, we shall consider a specific higher derivative correction to the action—the
Gauss-Bonnet term. This term, which is generated from the heterotic and bosonic string
theory low energy effective theory, is a natural correction term to the Einstein-Hilbert
action (3.2). It corresponds to an additional term in the Lagrangian density of the form
[38]3
LGB = α
16πGD
{
RµνρσR
µνρσ − 4RµνRµν +R2
}
, (4.1)
where α is the coupling constant with dimensions (length)2. In particular, α = α′/4 in
the low energy effective action of heterotic string theory. Then the action containing the
Gauss-Bonnet term becomes [39]
I =
1
16πGD
∫
dDx
√
−det g (R− 2Λ + LGB) . (4.2)
The corresponding equation of motion is[36]
Rµν − 1
2
Rgµν +
(D − 1)(D − 2)
2l2
gµν =
α
{
1
2
gµνLGB − 2
(
RµαβγR
αβγ
ν − 2RαβRµανβ − 2RαµRνα +RRµν
)}
(4.3)
3What we should mention is that we require D ≥ 5 in this case since the Gauss-Bonnet term is a
topological invariant in four dimension.
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4.1 Entropy function method
We wish to find the leading order correction in α to the entropy of the dS spacetime.
Usually, before we do this, we should first obtain the corresponding solutions to the modified
Einstein equation (A.3). This, however, turns out to be not so easy except for some
special cases. Fortunately, the entropy function method provides us with an elegant way
to calculate the entropy of higher derivative gravity without knowing the corrected metric.
The Gauss-Bonnet term corresponding to the metric (3.3) is then given by
LGB = D(D − 1)(D − 2)(D − 3)α
16πGDl4
. (4.4)
The definition of f in (2.10) shows Lagrangian density with higher derivative correction
gives unavoidably an extra term of f . In Gauss-Bonnet Einstein gravity, this term comes
from the Gauss-Bonnet term as shown in (4.4). This in turn will change the expression of
entropy function as defined in previous section. Direct computation shows the correction
term to the entropy function (3.4) is
f1GB = −fGB = −
∫
dD−2x
√
−detgLGB
= −αD(D − 1)(D − 2)(D − 3)AD−2
16πGD l4
rD−2. (4.5)
Substituting this into entropy function equation (2.36), we can easily obtain the entropy
generated by Gauss-Bonnet correction term
S1GB =
∫ l
0 f1GBdr
T
=
αD(D − 2)(D − 3)AD−2
8GD
lD−4. (4.6)
Hereafter we do not distinguish T from T0. Consequently, the entropy of dS space (near
the horizon) including Gauss-Bonnet correction becomes
S = SdS + S1GB =
lD−2AD−2
4GD
(
1 +
αD(D − 2)(D − 3)
2l2
)
+O(α2). (4.7)
4.2 Wald’s approach
In this subsection, we wish to check our result (4.7) obtained by entropy function method.
One way is to use the Wald’s approach. To do this, we have to find the corrected metric
of the modified equation of motion (A.3) before we compute the corrected entropy of the
Gauss-Bonnet gravity. Generally speaking, it is not easy to obtain the solution of this
equation of motion. However, in some special cases, we can find the exact solution. Now
we assume the metric to be of the form as discussed in [39]
ds2 = −e2νdt2 + e2λdr2 + r2dΩ2D−2, (4.8)
where ν(r) and λ(r) are functions of r only. The solution under this assumption is shown
to be[39]
e2ν = e−2λ = 1 +
r2
2α˜
(
1∓
√
1 +
4α˜
l2
)
, (4.9)
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where α˜ = (D−3)(D−4)α. As shown in [39, 36], the branch with the “+” sign is unstable
and the graviton is a ghost. Therefore we only consider the case with “−” sign in this
paper. Consequently, the metric becomes
e2ν = e−2λ = 1 +
r2
2α˜
(
1−
√
1 +
4α˜
l2
)
. (4.10)
Since the horizon of this geometry occurs where e2ν = 0, we find the event horizon radius
rH =
(
2α˜√
1 + 4α˜/l2 − 1
)1/2
= l +
α˜
2l
+O(α˜2). (4.11)
One may expect that we can obtain the Bekenstein-Hawking entropy by direct substi-
tuting (4.11) into the entropy-area formula SBH =
A
4 . This, however, has been proved to
be no longer true by a lot of earlier investigations[40]. It was shown in [41] that S should
take the form of a geometric expression evaluated at the event horizon. There are many
ways to calculate the entropy of this spacetime: one way is to use the Wald’s formula [42];
the other is related to the Euclidean entropy of the space as shown in [37, 43]. It also can
be obtained by assuming the spacetime satisfies the first law of thermodynamics as shown
in [44]. As an example, we use Wald’s approach to check our method obtained in the last
subsection. Using the Wald’s formula, we know that the entropy of a hole valid to any
effective gravitational action including higher curvature interactions is given by[42]
SWald =
1
4GD
∫
H
dD−2x
√
h
[
1 + 2αR˜(h)
]
, (4.12)
where hij is the induced metric on the horizon,
4 and R˜(h) = hijhklRikjl is the Ricci scalar
calculated by using the induced metric hij . The entropy calculated in this way is proved
to be [43]
S =
rD−2H AD−2
4GD
(
1 +
2(D − 2)α˜
(D − 4)r2H
)
=
lD−2AD−2
4GD
(
1 +
D(D − 2)α˜
2(D − 4)l2
)
+O(α˜2)
=
lD−2AD−2
4GD
(
1 +
D(D − 2)(D − 3)α
2l2
)
+O(α2), (4.13)
which is exactly the same as entropy (4.7) obtained by the entropy function method. There-
fore we conclude that, compared with other methods (such as the entropy function method
proposed by Sen and the Wald’s approach), our method has many advantages. Roughly
speaking, they are:
i). Unlike the standard entropy function method, we do not need to extremize the entropy
4In present case, hij denotes the metric of sphere S
D−2.
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function, and also, we need not deform the metric into the near horizon geometry. The
configurations of spacetime can be used directly without any change in calculating the
entropy. The near horizon limit is also unnecessary.
ii).Unlike the standard entropy function method, we do not need to introduce some con-
stants into the metric, such as v1 and v2.
iii).Unlike the Wald’s approach or Euclidean approach[37], we do not need to know the
corrected metric of higher derivative gravity for dS space.
5. Entropy with R2 term in de Sitter space
In this section, we considerR2 term which involves a correction proportional toRµναβR
µναβ .
This term, which is the first term that one can add to the Einstein-Hilbert action, has been
discussed in several previous works [37, 43]. It corresponds to an additional term in the
Lagrangian density of the form [38]
LR2 =
α
16πGD
RµνρσR
µνρσ, (5.1)
where again α is the coupling constant with dimensions (length)2, and α = α′/4 in the low
energy effective action of heterotic string theory. The action containing this term becomes
I =
1
16πGD
∫
dDx
√
−det g (R− 2Λ + LR2) . (5.2)
The corresponding equation of motion is[37]
Rµν − Rgµν
2
+
(D − 1)(D − 2)
2l2
gµν =
α
2
gµνLR2 − 2α
(
RµαβγR
αβγ
ν + 2R
αβRµανβ
−2RαµRνα + 2Rµν −
1
2
(∇µ∇ν +∇ν∇µ)R
)
.(5.3)
5.1 Entropy function method
In this subsection, we evaluate the R2 correction to the entropy of the dS spacetime. As
mentioned in the last section, we do not need to know the modified metric before compute
the corrected entropy by using the entropy function method. Therefore we start with
calculating the R2 term corresponding to the uncorrected metric (3.3)
LR2 =
D(D − 1)α
8πGDl4
. (5.4)
The definition of f in (2.10) shows Lagrangian density with higher derivative correction
gives unavoidably an extra term of f which comes from the R2 term as shown in (5.4).
This in turn will change the expression of entropy function as defined in previous section.
Direct computation shows the correction term to the entropy function (3.4) is
f1R2 = −
αD(D − 1)AD−2
8πGDl4
rD−2. (5.5)
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Substituting this into Eq. (2.36), we can easily obtain the entropy function generated by
R2 correction term
S1R2 =
αDAD−2
4GD
lD−4. (5.6)
Consequently, the entropy of dS space including R2 correction becomes
S = SdS + S1R2 =
lD−2AD−2
4GD
(
1 +
αD
l2
)
+O(α2). (5.7)
5.2 Wald’s approach
In last subsection, we have calculated the corrected entropy for dS space by using entropy
function method. To confirm our result, we now appeal to Wald’s approach. To do this, we
should first find the corrected metric of the modified equation of motion (5.3). Generally
speaking, it is not easy to obtain the solution of this equation of motion. However, in some
special case, we can find a perturbative metric solution. Now we assume the metric to be
of the form
ds2 = −e2νdt2 + e2λdr2 + r2dΩ2D−2, (5.8)
where ν and λ are functions of r only, and have the form
e2ν = e2ν0(1 + αǫ(r)),
e2λ = e−2ν0(1 + αµ(r)), (5.9)
where e2ν0 = 1− r2/l2, ǫ(r) and µ(r) are some undetermined functions of r, which can be
obtained by evaluating the equation of motion (5.3) perturbatively. The result reads
ǫ(r) = −µ(r) = e−2ν0 2(D − 4)r
2
(D − 2)l4 . (5.10)
Consequently, the metric becomes
e2ν = e−2λ = 1− r
2
l2
+
2α(D − 4)r2
(D − 2)l4 , (5.11)
Since the horizon of this geometry occurs where e2ν = 0, we see
rH =
l√
1− 2(D−4)α(D−2)l2
= l +
(D − 4)α
(D − 2)l +O(α
2). (5.12)
Using the Wald’s formula, we know that the entropy of a hole valid to any effective gravi-
tational action including higher curvature interactions is given by [42]
SWald =
1
4GD
∫
H
dD−2x
√
h
[
1 + 2α
(
R− 2hijRij + R˜(h)
)]
, (5.13)
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where again R˜(h) = hijhjkRikjl. Direct computation shows
R˜ =
(D − 2)(D − 3)
r2H
+O(α) (5.14)
hijRij =
(D − 1)(D − 2)
l2
+O(α) (5.15)
R =
D(D − 1)
l2
+O(α). (5.16)
Therefore, the entropy calculated in this way is
S =
rD−2H AD−2
4GD
[
1 + 2α
{
(D − 2)(D − 3)
r2H
− (D − 1)(D − 4)
l2
}]
=
lD−2AD−2
4GD
[
1 +
(D − 4)α
l2
](
1 +
4α
l2
)
+O(α2)
=
lD−2AD−2
4GD
(
1 +
Dα
l2
)
+O(α2), (5.17)
which is exactly the same as entropy (5.7) obtained by the entropy function method.
6. Black hole Entropy in 5−dimensional (anti-) de Sitter space
In previous sections, we investigate the entropy function for pure dS space by using a
powerful method developed in [35]. We showed that entropy obtained by this method agrees
with the one computed by other approaches (say, Wald’s approach) very well. Moreover,
for that case we can obtain the correct entropy with higher derivative corrections without
knowing the modified metric. A question is that what will happen if there is a black hole
in the dS (or AdS) background. How to calculate the entropy of this case especially when
there are higher derivative corrections? In this section, we try to answer this question by
applying our method to a 5-dimensional black hole in the Type IIB string theory. We
will show that, although it is no longer possible to obtain the entropy without knowing
the modified metric when higher curvature corrections are included, our method is still
applicable to this case.
6.1 Entropy of Schwarzschild-AdS and Schwarzschild-dS black hole
The 5−dimensional IIB superstring effective action which is obtained by compactifying the
ten dimensional action on the S5 is [45]5
I =
1
16πG5
∫
d5x
√
−det g [R− 2Λ] . (6.1)
We first pay our attention to the Schwarzschild-AdS black hole. In the throat approx-
imation, r ≪ l, a solution corresponding to the AdS black hole is [45, 46]
ds2 =
r2
l2AdS
[
−
(
1− r
4
0
r4
)
dt2 + d~x2
]
+
l2AdS
r2
(
1− r
4
0
r4
)−1
dr2 (6.2)
5We have set the dilaton to a constant and we omit it in this paper.
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The Lagrangian corresponding to this metric reads
L = − 1
2πG5l2AdS
. (6.3)
Therefore the entropy function can be obtained by its definition
fBH = −fBH = −
∫
d3~x
√
−det gL = V3r
3
2πG5l5AdS
, (6.4)
where V3 =
∫
d3~x is the volume. On the other hand, the entropy function for pure AdS
background is given by
fAdS = −
∫
d3~x
√
−det gAdSLAdS = V3r
3
2πG5l5AdS
, (6.5)
which is the same as the one of the black hole. Therefore from Eq. (2.34) we obtain the
free energy of the system (Note that in present case, r+ = r0)
F =
∫ R
r0
fBH −
[(
gBHtt
gAdStt
)1/2]
r=R
∫ R
0
fAdS , (6.6)
≃ − V3r
4
0
16πG5l
5
AdS
. (6.7)
According to the definition (2.28), the ADM energy in this case is given by [37]
E =
∫
R
Q[t]−
∫
R
QAdS [t˜] (6.8)
=
∫
R
dSab
√
−det gQab −
[(
gBHtt
gAdStt
)1/2]
r=R
∫
R
dSab
√
−det gAdSQabAdS , (6.9)
where
Qab =
κ
8πG5
,
and κ =
(
r
l2
+
r40
l2r3
) ∣∣
r=r0
is the surface gravity of the black hole. In the end we obtain
E = 3V3r
4
0
16πG5l
5
AdS
. (6.10)
The temperature at the horizon for this black hole AdS spacetime is
T =
r0
πl2AdS
, (6.11)
Therefore using the relation
TS = E − F, (6.12)
we obtain the entropy of Schwarzschild-AdS black hole
S =
V3r
3
0
4G5l3AdS
. (6.13)
– 15 –
This is exactly the Bekenstein-Hawking entropy for this black hole[37].
It is not difficult to check that following the above procedure, we can obtain the entropy
of the Schwarzschild-dS black hole. The result is proved to be the same form as the one
for the Schwarzschild-AdS black hole, i.e.,
S =
V3r
3
0
4G5l3dS
. (6.14)
6.2 R4 correction to the entropy
In this subsection, due to the AdS/CFT (or dS/CFT) correspondence, we wish to study the
corrections that appear in the Type IIB string theory. These corrections to supergravity
action come from string theory tree-level scattering amplitude computations. R4 term
is the first higher order gravity correction terms in IIB action. We may focus on this
correction term. It corresponds to an additional term in the action (6.1)
I =
1
16πG5
∫
d5x
√
−det g [R− 2Λ + γLR4 ] , (6.15)
where γ = 18ζ(3)(α
′)3, and the correction term in the Lagrangian density is of the form
LR4 = ChmnkCpmnqChrspCqrsk +
1
2
ChkmnCpqmnCh
rspCqrsk, (6.16)
where Cpqmn is the Weyl tensor.
First we calculate the entropy of Schwarzschild-AdS black hole with R4 correction. Using
the metric (6.2) one can compute LR4
LR4 =
180r160
r16l8AdS
. (6.17)
In this case, the modified metric reads[45]
ds2 = −e2λdt2 + e2νdr2 + r
2
l2AdS
d~x2, (6.18)
where
e2λ =
r2
l2AdS
(
1− r
4
0
r4
)[
1− 15γr
4
0
l6AdSr
12
(5r8 + 5r4r40 − 3r80)
]
, (6.19)
e2ν =
r2
l2AdS
(
1− r
4
0
r4
)−1 [
1 +
15γr40
l6AdSr
12
(5r8 + 5r4r40 − 19r80)
]
. (6.20)
Therefore the correction term to the entropy function reads
f1BH = −30γV3
4πG5
r120
r9l11AdS
(
8 +
3r40
r4
)
. (6.21)
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The R4 correction does not change the metric of the AdS background6, so the correction
of AdS entropy function is vanishing, i.e., f1AdS = 0. After letting R → ∞ we find the
expression of the free energy
F =
∫ R
r0
fBH −
[(
gBHtt
gAdStt
)1/2]
r=R
∫ R
0
fAdS , (6.22)
≃ − V3r
4
0
16πG5l5AdS
(1 +
75γ
l6AdS
). (6.23)
On the other hand, the temperature of the hole is
T =
κ
4π
=
[√
grr
d
dr
√
gtt
]
r=r0
=
r0
πl2AdS
(
1 +
15γ
l6AdS
)
. (6.24)
Direct computation shows the corrected entropy of Schwarzschild-AdS black hole with R4
corrections is
S = −∂F
∂T
(6.25)
=
V3r
3
0
4G5l3AdS
(
1 +
60γ
l6AdS
)
. (6.26)
This is exactly the entropy of this case as shown in [37].
Again one can obtain the entropy of the Schwarzschild-dS black hole using the same
procedures above. Compared with the result for the case without higher corrections, the
entropy of the Schwarzschild-dS black hole with R4 corrections is different from the entropy
of the case for Schwarzschild-AdS black hole. In present case, the entropy is
S =
V3r
3
0
4G5l3dS
(
1− 60γ
l6dS
)
. (6.27)
7. Conclusions
In summary, we have discussed higher order corrections to black hole entropy in dS and
AdS spaces. We started from pure dS and AdS spaces and we have found that even when
the higher curvature corrections are included, the corrected entropy for dS space can still
be calculated by using the equation (TS)′ = −f . The entropy function method and Wald’s
6Generally speaking, to obtain the modified metric, one should first variate the action and obtain the
equations of motion, which take the form
Rµν −
1
2
gµνR+ Λgµν = γT
eff
µν ,
where T effµν are constructed by Weyl tensor in present case. The modified metric is then given by solving
these equations of motion. To the first order, we substitute the unperturbative metric into R.H.S of the
equations. For pure AdS and dS metric, it is not difficult to check that all components of the Weyl tensor
and hence T effµν are vanishing. This implies the AdS metric is unchanged when R
4 correction is included.
This is also confirmed in [45], where they calculate the black hole entropy using Euclidean approach and
claim that the action of AdS background I0 is unchanged when R
4 is considered.
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approach in calculating the entropies of dS and AdS spaces agree with each other. As
we have described, the agreement between these two approaches can be understood, from
black hole thermodynamics [35].
Although we do not know the general near horizon geometry of non-extremal black
holes in higher derivative gravity theory, our results demonstrate that extending the entropy
function formalism to pure dS (AdS) space is safe. However, we do not find an universal
way to generalize the entropy function to more complicated cases, such as non-extremal and
rotating black holes. For these cases one need first find that the symmetries of the near
horizon geometry for non-extremal and rotating black holes in higher derivative gravity
theory.
Note that the method used in this work is quite different from the standard entropy
function method used in Ref. [1, 16] in that the entropy is obtained without extremizing
the entropy function. Since there are no free parameters, such as vi and us, whose values
should be determined by extremizing the entropy function, the extremizing process is
unnecessary. And also, the near horizon limit is not done for (anti-) de Sitter metric.
The reason is because that for the dS and AdS metric, the metric configuration is not so
complicate as stringy black hole metric.
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A. de Sitter Entropy in R2 gravity theories
In this appendix we consider the entropy for pure de Sitter spacetime with “higher deriva-
tive” gravity. The entropy of this case has been shown to be given by (2.35)
TS =
∫ rH
0
fdSdr, (A.1)
where rH is the event horizon of dS space. For R
2-gravity with cosmological constant, the
general action is given by
S =
∫
dDx
√−g {R− 2Λ + aR2 + bRµνRµν + cRµνρσRµνρσ} . (A.2)
Variation over the metric gµν yields the equations of motion as shown in [47]
Rµν − 1
2
gµν
(
aR2 + bRµνR
µν + cRµνξσR
µνξσ +R− 2Λ
)
−a (−2RRµν +∇µ∇νR+∇ν∇µR− 2gµν∇ρ∇ρR)
−b
{
1
2
(∇µ∇νR+∇ν∇µR)− 2RµρνσRρσ −Rµν − 1
2
gµνR
}
−c (−2RµρστRνρστ − 4Rµν +∇µ∇νR+∇ν∇µR
−4RµρνσRρσ + 4RµρRνρ
)
= 0. (A.3)
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We may expect that the modified metric of dS space takes the form
ds2 = −
[
1− r
2
l2
(1 + C)
]
dt2 +
[
1− r
2
l2
(1 + C)
]−1
dr2 + r2dΩ2D−2, (A.4)
where C is a constant which should be determined later. With this metric ansatz, we
obtain an equation of C by substituting the metric into Eqs. (A.3)
[D(D − 1)a+ (D − 1)b+ 2c](D − 4)C2 + {2[D(D − 1)a+ (D − 1)b+ 2c](D − 4)
+(D − 2)l2}C + [D(D − 1)a+ (D − 1)b+ 2c](D − 4) = 0. (A.5)
Straightforward computation gives
C = −1− (D − 2)l
2
2[D(D − 1)a+ (D − 1)b+ 2c](D − 4) ·{
1∓
√
1 +
4[D(D − 1)a+ (D − 1)b+ 2c](D − 4)
(D − 2)l2
}
. (A.6)
In particular, as we consider the Gauss-Bonnet combination, i.e., a = c, b = −4c, we have
C = −1− l
2
2(D − 3)(D − 4)c
{
1∓
√
1 +
4(D − 3)(D − 4)c
l2
}
, (A.7)
which agrees with the result obtained in [39].
Now it is safe to claim that dS space in R2 gravity theories has a modified metric in
the form of (A.4). In the following we will show that one can obtain the dS entropy in any
gravity theories with modified metric in the form of (A.4) without knowing the corrected
metric. In order to have a clear picture, we rewrite the metric (A.4) as
ds2 = −
[
1− r
2
l2
(1 + γC˜)
]
dt2 +
[
1− r
2
l2
(1 + γC˜)
]−1
dr2 + r2dΩ2D−2, (A.8)
where γ is the coupling strength, denoting a, b, c for R2 gravity theory, and C˜ is any
constant. In any higher derivative gravity theories, it is safe to expand T , S and f in the
following way
T = T0 + γT1 +O(γ2), (A.9)
S = S0 + γS1 +O(γ2), (A.10)
f = f0 + γf1 +O(γ2). (A.11)
So from (2.35) we have
T0S0 + γ(T0S1 + T1S0) =
∫ r(0)H
0
f0dr +
∫ r(0)H +γr(1)H
r
(0)
H
f0dr + γ
∫ r(0)H
0
f1dr, (A.12)
where r
(0)
H corresponds to the horizon of dS space in the case without the higher derivative,
while r
(1)
H is the first order correction to the horizon when higher derivative is considered.
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This implies the horizon for higher derivative gravity is rH = r
(0)
H + γr
(1)
H + O(γ2). In
particular, if the modified metric has the form as shown in (A.8), we have r
(0)
H = l and
r
(1)
H = − lC˜2 . Then T1 can be evaluated as
T1 =
r
(1)
H
2πl2
. (A.13)
Note that f1 includes two parts: one comes from the Hilbert-Einstein action (i.e., the
Ricci scalar) evaluated by the modified metric (A.8), here we denote it by f
(1)
1 ; the other
corresponds to the R2 gravity term calculated by unperturbative metric, we use f
(0)
1 to
distinguish it from the first one.
For de Sitter spacetime, we have
S0 =
lD−2AD−2
4GD
, f0 = −(D − 1)AD−2r
D−2
8πGDl2
, f
(1)
1 = −
D(D − 1)C˜AD−2rD−2
16πGDl2
.
It is not difficult to show
γT1S0 =
∫ r(0)H +γr(1)H
r
(0)
H
f0dr + γ
∫ r(0)H
0
f
(1)
1 dr. (A.14)
Therefore Eq. (3.6) shows that the entropy for dS space in higher derivative gravity theory
can be computed by
S = S0 + γS1 =
1
T0
{∫ r(0)H
0
f0dr + γ
∫ r(0)H
0
f
(0)
1 dr
}
. (A.15)
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